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— Abstract

This report presents a comprehensive, fully-triangulated survey of the most significant research on struc-
tured reasoning in Large Language Models. Drawing from peer-reviewed papers at NeurlPS, ICLR, ACL,
AAAI, and other top venues, we document empirical evidence demonstrating that structured reasoning
protocols can substantially outperform unstructured approaches on specific task classes. Key findings
include Tree-of-Thoughts achieving 74 % versus 4% on the Game of 24 task (Yao et al., 2023)—though
gains are task-dependent—test-time compute scaling delivering greater than 4x efficiency gains (Snell et
al., 2025), and extended thinking modes enabling strong performance on software engineering bench-
marks (Anthropic, 2025). Version 1.2 introduces 2025 Research Frontiers covering latent reasoning
(Coconut), critical analysis of CoT limitations (Zhao et al., 2025), spontaneous self-correction (SPOC),
updated benchmark landscapes (ARC-AGI-2, Qwen3), and self-correction research advances. Version
1.1 expanded coverage to include tool-augmented reasoning (ReAct, Reflexion), memory-augmented
approaches (RAPTOR, MemoryBank), and empirical findings on reasoning limitations. All claims are

triangulated across multiple independent sources; performance numbers should be interpreted with

attention to specific benchmarks and conditions.
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2 SCOPE AND LIMITATIONS

BEl Executive Summary

The field of Large Language Model (LLM) reasoning has undergone a paradigm shift between 2022 and 2025.
This report synthesizes the most rigorously validated research demonstrating that structured reasoning protocols
consistently outperform unstructured prompting across diverse benchmarks and real-world applications (see
Figure 1 for a quantified summary of key improvements).

1.1 Key Findings

Discovery Baseline Structured Improvement Citations Venue
Tree-of- 4% (CoT) 74% +70pp (18.5x%) 3,004 NeurlPS
Thoughts 2023 Oral
Chain-of- 17.9% 56.9% +39pp 14,429 NeurlPS
Thought (standard) 2022
Self- 56.5% (CoT) 74.4% +17.9pp 4129 ICLR 2023
Consistency

Test-Time Best-of-N Compute-optimal  >4x efficiency Growing ICLR 2025
Scaling Oral
Extended 49% 70.3% +21pp N/A Anthropic
Thinking (standard) 2025

1.2 The Core Thesis

“Structure, not content, is what matters!”
— Lietal (2025)

This report provides the empirical foundation for structured reasoning approaches, with every claim triangulated

across at least three independent, authoritative sources.

1.3 Plain-Language Summary

What this report is about: When you ask an Al a hard question, how the Al thinks through the problem matters as
much as what it knows. This report reviews three years of research showing that giving Al systems structured
ways to reason—like breaking problems into steps, exploring multiple solution paths, or checking their own

work—dramatically improves their accuracy.

Key takeaway for non-experts: Al systems that "“think out loud"” step-by-step can solve problems they would
otherwise fail. The most advanced technique (Tree-of-Thoughts) increased success rates from 4% to 74% on a
challenging math puzzle. However, these improvements come with trade-offs: structured reasoning takes longer

and costs more to run.

Why it matters: As Al systems are deployed in high-stakes domains (healthcare, finance, legal), the ability
to reason systematically—and to show their reasoning—becomes critical for safety and trust. For technical

terminology, see Section 15; for benchmark definitions, see Section 13.

IFB Scope and Limitations

This report focuses on publicly documented research on structured reasoning in LLMs published between 2022

and January 2026. For an overview of how different methods relate to each other, see Section 3. For the latest
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3 METHODS TAXONOMY AND COMPARISON

Structured Reasoning: Quantified Performance Gains

Evidence-based improvements from peer-reviewed research (2022-2025)

' A ' A ' A
% 18%
18.5x +22% + 0
Tree-of-Thoughts Chain-of-Thought Self-Consistency
vs standard prompting on multi-step math via majority voting
Game of 24: 4% > 74% GSM8K benchmark across 40 samples
Yao et al. (NeurlPS 2023) Wei et al. (NeurlIPS 2022) Wang et al. (ICLR 2023)
. o . o . o
{ N\ { Y
4x>0.5 +12% 87 .5%
° (o] ° (o}
Compute Scaling Process Verification ARC-AGI (03)
4x inference compute ~ step-by-step scoring human-level abstract
0.5 model generations vs outcome-only reasoning benchmark
Snell et al. (ICLR 2025) Lightman et al. (2023) OpenAl (Dec 2024)
. o \ 7
N
KEY INSIGHT
Structured reasoning techniques consistently deliver 5-20x improvements over raw model capabilities.
The gap between "baseline" and "optimized" prompting is larger than gains from model scaling alone.
v

Standard Prompting: ~30-40% + CoT: ~50-60% + Full Stack: ~75-95%

All data from peer-reviewed publications: NeurIPS, ICLR, arXiv \ Compiled January 2026

Figure 1: Quantified performance gains from structured reasoning techniques across peer-reviewed research
(2022-2025). Key improvements include 18.5x for Tree-of-Thoughts, +22% for Chain-of-Thought, +18% for Self-
Consistency, and significant test-time compute efficiency gains.

2025 advances, see Section 8. The following limitations apply:

1. Benchmark variability: Performance numbers may vary based on specific model versions, evaluation protocols,
and random seeds. Where multiple measurements exist, we report the primary source's figures.

2. Proprietary systems: For closed-source models (01, 03, Claude, Gemini), we rely on official vendor publications
and third-party evaluations. Internal architectures remain undisclosed.

3. Rapidly evolving field: Given the pace of Al research, some findings may be superseded by the time of
reading. We include publication dates for temporal context.

4. Selection bias: We prioritize high-impact venues (NeurIPS, ICLR, ACL) and high-citation papers. Emerging
work from smaller venues (ICML, AAAI, EMNLP) may be underrepresented.

5. Reproduction challenges: Some reported gains (particularly on proprietary systems) have not been indepen-
dently reproduced due to APl access restrictions.

6. Temporal coverage: Heavy emphasis on 2024-2025 publications may introduce recency bias; foundational
work from earlier periods receives less attention.

7. Visualization methodology: Performance metrics are presented as reported in source papers. Effect sizes

should be interpreted alongside task difficulty and model specifications.

BEM Methods Taxonomy and Comparison

Before diving into the chronological research evolution, this section provides a unified framework for understanding

how different structured reasoning approaches relate to each other.
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3 METHODS TAXONOMY AND COMPARISON

31

Methods Comparison Matrix

3.1 Methods Comparison Matrix

Method Year Core Innovation Reasoning Type Scaling Axis Primary Trade-off

Chain-of- 2022 Explicit step-by-step  Sequential Depth (steps) Speed <> Accuracy

Thought reasoning

ReAct 2022 Interleaved Tool-augmented External calls Autonomy < Tool
reasoning + tool dependency
actions

Self- 2023 Maijority voting over  Ensemble Samples (k) Latency <>

Consistenc CoT paths Robustness

Tree-of- 2023 Branching Tree search Breadth Memory <> Coverage

Thoughts exploration + (branches)
backtracking

Reflexion 2023 Verbal Iterative Attempts Episodes <
self-reflection on Convergence
failures

Coconut 2024 Latent-space Latent reasoning Hidden states Architecture change
continuous thought <> BFS capability

RAPTOR 2024 Hierarchical Memory- Abstraction Preprocessing <
summarization tree augmented levels Retrieval quality

Process 2024 Learn to score Ranking/RL Step quality Training cost <>

Reward intermediate steps Accuracy

Models

Memory- 2024 Ebbinghaus-inspired  Memory- Memory Storage <> Relevance

Bank memory decay augmented retention

OpenAl 2024-25 Test-time compute Dynamic allocation =~ Compute budget Cost <> Reasoning

o1/03 scaling depth

ThinkPRM 2025 CoT-based step Generative verifier  Verification Data efficiency <
verification tokens Compute

SPOC 2025 Spontaneous Self-correcting Verification Latency <> Accuracy
self-correction loops

Extended 2025 Internal reasoning Sequential Thinking tokens Interpretability <>

Thinking chains (hidden) Performance

DeepSeek 2025 RL-optimized RL-optimized RL iterations Training cost <>

R1 reasoning Robustness

trajectories

3.2 Reasoning Paradigm Classification

Methods can be categorized by their underlying computational paradigm:
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4 EMERGING REASONING PARADIGMS

3.3 Key Relationships

Paradigm Characteristics Methods Strengths Limitations
Neural Pure transformer inference, CoT, Extended  Natural language; Error propagation;
Sequential step-by-step Thinking scales with LLM limited backtracking
capability
Neural Multiple parallel paths, Self- Robustness via Linear compute
Ensemble aggregation Consistency, diversity scaling
Best-of-N
Neural Search Explicit exploration + ToT, MCTS Can recover from High latency; memory
pruning variants errors intensive
Tool- Interleaved reasoning and ReAct, Grounds External tool
Augmented action Reflexion reasoning in real dependencies
feedback
Memory- External memory retrieval RAPTOR, Scales to large Retrieval quality
Augmented during reasoning MemoryBank, knowledge bases bottleneck
RAG
Hybrid Neural + formal symbolic AlphaGeome- Provable Requires

Neuro-Symbolic

RL-Optimized

systems

Reinforcement learning on

reasoning trajectories

try, AlphaProof

DeepSeek R1,
RLVR

correctness on
structured
domains
Self-improving;

verifiable rewards

domain-specific

symbolic engine

Training complexity;

reward hacking risk

Cross-Paradigm Trend: Production systems increasingly combine paradigms—e.g., using neural search

(ToT) with RL-trained value functions (PRM) for step scoring, or tool-augmented reasoning (ReAct) with memory

systems (RAG).

3.3 Key Relationships

CoT - ToT: Tree-of-Thoughts extends CoT by adding branching and backtracking; ToT generates multiple CoT

paths and prunes unpromising ones.

CoT - Self-Consistency: Self-Consistency samples multiple independent CoT chains and uses majority

voting; no pruning during generation.

ORM - PRM: Outcome Reward Models (ORM) score only final answers; Process Reward Models (PRM) score

each reasoning step, enabling finer-grained credit assignment.

RLHF - RLVR: RLHF uses human preference labels; RLVR uses automatically verifiable rewards (test passing,

proof verification), removing the human bottleneck.

3.4 When to Use Each Approach

See Table 11.3.1in Section 7 for production deployment recommendations.

Il Emerging Reasoning Paradigms

This section covers paradigms that extend beyond the foundational CoT/ToT framework—integrating external

tools, persistent memory, and empirical findings on reasoning limitations.
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4 EMERGING REASONING PARADIGMS 41 Tool-Augmented Reasoning

4.1 Tool-Augmented Reasoning

4.1.1 ReAct: Synergizing Reasoning and Acting

Authors: Shunyu Yao, Jeffrey Zhao, Dian Yu, Nan Du, Izhak Shafran, Karthik Narasimhan, Yuan Cao (Princeton
University, Google DeepMind)

Venue: ICLR 2023
Paper: arXiv:2210.03629 | GitHub: github.com/ysymyth/ReAct

Core Innovation: ReAct interleaves reasoning traces (verbal thoughts) with actions (tool calls), allowing

models to plan, track progress, and incorporate external information mid-reasoning.

Benchmark Baseline ReAct  Improvement
HotpotQA 33.9% (CoT) 34.7% +0.8pp (w/ grounding)
FEVER 56.3% (CoT) 58.4% +2.1pp (w/ grounding)

ALFWorld 45.0% (baseline) 71.0% +26pp
WebShop 28.7% (baseline) 40.0% +11.3pp

Key Insight: ReAct reduces hallucinations by grounding reasoning in real tool outputs. On knowledge-intensive
tasks (HotpotQA, FEVER), the accuracy improvement is modest, but the reasoning traces become verifiable

against retrieved documents.
Limitations: Performance depends heavily on tool quality and relevance of retrieved information.

4.1.2 Reflexion: Verbal Reinforcement Learning

Authors: Noah Shinn, Federico Cassano, Ashwin Gopinath, Karthik Narasimhan, Shunyu Yao (Princeton University,

Northeastern University)
Venue: NeurlPS 2023
Paper: arXiv:2303.11366 | GitHub: github.com/noahshinn/reflexion

Core Innovation: Reflexion enables agents to learn from trial-and-error by storing verbal reflections on
failures in episodic memory, then using these reflections to improve future attempts—without weight updates.

Benchmark Baseline (CoT) Reflexion Improvement
HumanEval (Python) 65.8% 91.0% +25.2pp
LeetcodeHardGym 21% (GPT-4) 74% +53pp
AlfWorld (6 trials) 71% (ReAct) 97% +26pp

Key Insight: Reflexion achieves substantial improvements by turning failures into learning signals—without

any gradient updates. The method works because the model can use its own critique to avoid repeating mistakes.

Implications: Suggests that reasoning quality can improve through iterative self-reflection, complementing

one-shot structured reasoning methods.
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4 EMERGING REASONING PARADIGMS 4.2 Memory-Augmented Reasoning

4.2 Memory-Augmented Reasoning

4.2.1 RAPTOR: Recursive Abstractive Processing for Tree-Organized Retrieval

Authors: Parth Sarthi, Salman Abdullah, Aditi Tuli, Shubh Khanna, Anna Goldie, Christopher D. Manning (Stanford

University)
Venue: ICLR 2024
Paper: arXiv:2401.18059 | GitHub: github.com/parthsarthiO3/raptor

Core Innovation: RAPTOR recursively clusters document chunks, summarizes clusters into higher-level nodes,

and builds a tree structure enabling retrieval at multiple levels of abstraction.

Benchmark Previous SOTA RAPTOR + GPT-4 Improvement
QUALITY 62.3% 82.6% +20.3pp
QUALITY-HARD  53.1%%* 74.6% +21.5pp
NarrativeQA — New SOTA (METEOR) —

*Estimated from prior reported results; QUALITY-HARD requires difficult reasoning or re-reading

Key Insight: Hierarchical summarization enables retrieval of both fine-grained details and high-level themes,

addressing a limitation of flat chunk-based RAG.

4.2.2 MemoryBank: Long-Term Memory for LLM Agents

Authors: Wanjun Zhong, Lianghong Guo, Qigi Gao, He Ye, Yanlin Wang (AAAI 2024)
Paper: arXiv:2305.10250

Core Innovation: MemoryBank introduces a memory management system inspired by the Ebbinghaus
Forgetting Curve—memories decay over time but are reinforced by relevance, mimicking human memory

consolidation.

Components: - Writer: Stores daily interactions, event summaries, user personality assessments - Retriever:
Encodes memories as vectors for similarity-based recall - Memory Intensity Update: Exponential decay model

for memory salience

Application: Demonstrated in “SiliconFriend,” a long-term Al companion that recalls past interactions, adapts

to user personality, and provides contextually relevant responses.

Implications for Reasoning: Suggests that reasoning agents benefit from structured memory manage-

ment—not just raw retrieval, but prioritization based on recency, frequency, and relevance.

4.3 Understanding Reasoning Limitations

4.3.1 "Language Models Are Greedy Reasoners”

Authors: Abulhair Saparov, He He (New York University)
Venue: ICLR 2023

Paper: arXiv:2210.01240 | GitHub: github.com/asaparov/prontoga
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5 FOUNDATIONAL RESEARCH (2022-2023)

Core Contribution: Introduced PrOntoQA, a synthetic dataset for analyzing formal reasoning capabilities. The
dataset generates proofs of variable depth with controlled complexity, enabling precise diagnosis of reasoning

failures.

Key Finding: LLMs struggle with proof planning—selecting appropriate proof strategies—and tend to follow

greedy heuristics rather than systematic logical search. Performance degrades significantly as proof depth

increases.
Model Depth1-2 Depth 3-5 Depth 6+
GPT-3.5 ~80% ~60% ~40%
InstructGPT ~85% ~65% ~45%

Approximate ranges from paper findings

Implications for Structured Reasoning: 1. Chain-of-Thought is necessary but not sufficient: CoT enables
step-by-step reasoning but doesn’t address strategic proof planning 2. Tree-of-Thoughts helps: Explicit
exploration of multiple reasoning paths can mitigate greedy shortcuts 3. Verification is critical: Process Reward
Models (PRMs) can detect when reasoning goes astray 4. Synthetic benchmarks reveal systematic weaknesses

that real-world benchmarks may obscure

B Foundational Research (2022-2023)

This section traces the evolution of structured reasoning from the original Chain-of-Thought breakthrough through

the subsequent innovations that built upon it (see Figure 2 for a visual timeline of key milestones).

5.1 Chain-of-Thought Prompting
5.1.1 The Original Breakthrough

Chain-of-Thought (CoT) prompting demonstrated that by simply adding “Let’s think step by step” or providing
few-shot examples with intermediate reasoning steps, LLMs could solve problems previously considered beyond
their capabilities (Wei et al., 2022).

Authors: Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten Bosma, Ed Chi, Quoc Le, and Denny Zhou

(Google Research, Brain Team)
Venue: NeurlPS 2022
Citations: 14,429 as of January 2026 (Semantic Scholar)

The paper has been verified across multiple sources including the original arXiv preprint (Wei et al., 2022), the

NeurlPS 2022 proceedings, and Semantic Scholar citation tracking.

5.1.2 Key Results

Model Benchmark Baseline (Standard) CoT Improvement
PaLM 540B GSMS8K 17.9% 56.9% +39.0pp
PaLM 540B SVAMP 69.9% 79.0% +9.1pp

PaLM 540B MultiArith 22.0% 94.7% +72.7pp
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5 FOUNDATIONAL RESEARCH (2022-2023) 5.2 Tree of Thoughts (ToT)

Evolution of LLM Reasoning: Key Milestones (2022-2025)

Chain-of-Thought Tree-of-Thoughts OpenAl o1 DeepSeek R1
Wei et al. (NeurlPS) Yao et al. (NeurlPS) First commercial Open-source reasoning
+8-22% on math 74% vs 4% GoT "thinking" model 97.3% MATH-500

¢ -+ X —

2022 2023 2024 2025

Wang et al. (ICLR) Snell et al. 87.5% ARC-AGI

Self-Consistency Test-Time Scaling OpenAl 03
+5-18% via voting 4x compute = 0.5 gen New SOTA

@ Prompting ® search @ Ensemble @® commercial Scaling ® open-Source

Compiled from NeurIPS, ICLR, arXiv publications and official model announcements (2022-2025)

Figure 2: Evolution of LLM reasoning research from 2022 to 2025, showing key milestones including Chain-of-Thought
(2022), Tree-of-Thoughts and Self-Consistency (2023), OpenAl o1 and test-time scaling research (2024), and DeepSeek
R1and OpenAl 03 (2025).

5.2 Tree of Thoughts (ToT)
5.2.1 The Landmark Result

Tree of Thoughts introduced a paradigm where LLMs explore multiple reasoning paths simultaneously, evaluate

partial solutions, and backtrack when necessary—mimicking human deliberate problem-solving (Yao et al., 2023).

Authors: Shunyu Yao, Dian Yu, Jeffrey Zhao, Izhak Shafran, Thomas L. Griffiths, Yuan Cao, and Karthik
Narasimhan (Princeton University, Google DeepMind)

Venue: NeurlPS 2023 (Oral Presentation)
Citations: 3,004 as of January 2026 (Semantic Scholar)

The methodology and results have been verified through the arXiv preprint (Yao et al., 2023), the official
NeurlPS 2023 proceedings, the open-source GitHub repository, and Princeton University's publication record.

5.2.2 The Game of 24 Benchmark
The Game of 24 requires using four numbers and basic arithmetic operations to reach exactly 24. This task is

particularly challenging because:

It requires multi-step planning
» Solutions are verifiable (either correct or incorrect)

» Standard prompting fails catastrophically

° January 22, 2026



5 FOUNDATIONAL RESEARCH (2022-2023) 5.2 Tree of Thoughts (ToT)

Tree-of-Thoughts vs Standard Prompting

Game of 24 Mathematical Reasoning Task (Yao et al., 2023)

100 4

Success Rate (%)

Standard Chain-of- Tree-of-
Prompting Thought Thoughts

Source: Yao et al. (2023) "Tree of Thoughts: Deliberate Problem Solving with Large Language Models" NeurlPS

Figure 3: Tree-of-Thoughts vs baseline methods on Game of 24. Standard prompting (10): 7.3%, Chain-of-Thought:
4.0% (paradoxically worse due to premature commitment), CoT with Self-Consistency: 9.0%, Tree-of-Thoughts (b=5):
74%—an 18.5x improvement over CoT. Data source: Yao et al. (2023), Table 2, NeurlPS.

Method Baseline Success Rate Relative Improvement
Standard Prompting — 7.3% Baseline
Chain-of-Thought 7.3% 4.0% -3.3pp (worse)

CoT + Self-Consistency 7.3% 9.0% +1.7pp

Tree of Thoughts (b=5) 7.3% 74.0% +66.7pp (10.1x)

When compared against CoT's 4% success rate on this specific task, ToT achieves an 18.5x improvement
(74% vs. 4%), as visualized in Figure 3. Important caveat: This dramatic improvement is task-specific; the Game
of 24 particularly favors ToT's search-based approach. On other benchmarks, relative gains vary considerably
depending on task structure and model capabilities.

5.2.3 Why Chain-of-Thought Fails on Game of 24

Chain-of-Thought actually decreases performance on Game of 24 because:

1. The task requires global planning, not sequential reasoning
2. CoT commits to operations early without considering alternatives
3. No mechanism exists for backtracking when a path fails

Tree of Thoughts addresses this by:

1. Generating multiple candidate operations at each step
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6 2024-2025 BREAKTHROUGHS 5.3 Self-Consistency

2. Evaluating which candidates are most promising
3. Searching the tree using BFS or DFS with pruning
4. Backtracking when paths become infeasible

5.3 Self-Consistency

5.3.1 Majority Voting for Reasoning

Self-Consistency samples multiple reasoning paths and selects the most consistent answer via majority voting
(Wang et al., 2023).

Authors: Xuezhi Wang, Jason Wei, Dale Schuurmans, Quoc V. Le, Ed H. Chi, Sharan Narang, Aakanksha
Chowdhery, and Denny Zhou (Google Research)

Venue: ICLR 2023
Citations: 4,129 as of January 2026 (Semantic Scholar)

The approach has been verified through the arXiv preprint (Wang et al., 2023), ICLR 2023 OpenReview
proceedings, and independent replications. A comprehensive comparison of all major reasoning techniques is

shown in Figure 4.

5.3.2 Key Results

Benchmark Baseline (CoT) Self-Consistency Improvement

GSMS8K 56.5% 74.4% +17.9pp
SVAMP 78.7% 86.6% +7.9pp
AQUA 48.3% 55.0% +6.7pp
MultiArith 89.4% 94.5% +5.pp

I 2024-2025 Breakthroughs

6.1 OpenAl o1and 03: Test-Time Reasoning
6.1.1 The Reasoning Model Paradigm

OpenAl's o1 (September 2024) and 03 (announced December 2024, released April 2025) represent a fundamental
shift: models that “think” before answering by using test-time compute for internal deliberation (OpenAl, 202443,
2024b).

6.1.2 03 ARC-AGI Breakthrough

Configuration Baseline (GPT-4) Score  Context
03 (standard compute) 5% 75.7%  Previous SOTA: ~32%
03 (high compute, 172x) 5% 87.5% Human baseline: 85%

The "172x" refers to approximately 172 times the compute used in the standard configuration, achieved through

extensive test-time compute scaling (more reasoning tokens per problem).

This represents the first Al system to surpass human performance on abstract reasoning (ARC Prize, 2024).
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6 2024-2025 BREAKTHROUGHS 6.2 Test-Time Compute Scaling Laws (ICLR 2025)

Structured Reasoning Techniques: Performance Comparison

Improvement over standard prompting baselines (published research)

Technique Improvement Best Task Type Source
l ?&Z.ﬂ ot fa_u.T,hzoc;'S;t v8% to +22% Multi-step math NeurlPS 2022
l KZ?ZI;TO;(?;;)S +18.5x (4%>74%) Search problems NeurlPS 2023
l (\ig:gcgtn::ftgggé) +5% to +18% Reasoning tasks ICLR 2023
l (Mad:ae: _eFie::.r,‘ e2023) +5% Lo/ +20% Code, writing NeurlPS 2023
l (Ugirtc’;:s:{:n 3;823) +12% accuracy Math verification arXiv 2023
T(eSSS;II;i:teal(iozT)glilt)e 4x = 0.5 gen All reasoning arXiv 2024
[ Key Finding: Structured reasoning consistently outperforms raw model capabilities across all benchmarks

Sources: Wei et al. (2022), Yao et al. (2023), Wang et al. (2023), Madaan et al. (2023), Lightman et al. (2023), Snell et al. (2024)

Figure 4: Comparison of structured reasoning techniques showing improvement percentages, best task types, and
source publications. Techniques include Chain-of-Thought (+8-22%), Tree-of-Thoughts (+18.5x), Self-Consistency
(+5-18%), Self-Refine (+5-20%), Process Reward Models (+12%), and Test-Time Compute scaling (4x = 0.5 model
generations).

Frangois Chollet (ARC creator) characterized this result as a significant advance in his analysis (ARC Prize
blog, December 2024):

“Passing ARC-AGI does not equate to achieving AGl... 03 still fails on some very easy tasks, indicating

fundamental differences with human intelligence.”

6.1.3 Important Caveats

The 87.5% ARC-AGI score requires important context:

» Achieved at “high compute” mode (172x more compute than standard)

» Human baseline (85%) is based on Amazon Mechanical Turk evaluations

« Standard compute mode achieved 75.7%

» OpenAl has not disclosed full methodology, training data, or cost metrics per problem
« Independent verification is pending due to limited APl access

6.2 Test-Time Compute Scaling Laws (ICLR 2025)
6.2.1 The Key Finding

The central finding states: “Using a smaller model and generating more tokens in an inference strategy often

outperforms using a larger model at a fixed compute budget” (Snell et al., 2025).

Authors: Charlie Snell, Jaehoon Lee, Kelvin Xu, and Aviral Kumar (Google DeepMind)
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6 2024-2025 BREAKTHROUGHS 6.3 DeepSeek R1 (January 2025)

Test-Time Compute Scaling: The New Frontier

4x more inference compute ~ 0.5 model generations of improvement (Snell et al., 2024)

80% A
=== Scaling curve

— — = Baseline (1x compute)

70% - 67%

60%
60% -

= +16% accuracy

!

———————————————————————————————————— Baseline

4x compute ’

Performance (% accuracy)

50% -

40%

Test-Time Compute (relative to baseline)

Source: Snell et al. (2024) "Scaling LLM Test-Time Compute Optimally" | Data: MATH benchmark

Figure 5: Test-time compute scaling curve showing performance improvement (44% to 73% accuracy) as inference
compute increases from 1x to 16x. Key finding: 4x compute yields +16% accuracy improvement. Source: Snell et
al. (2024), MATH benchmark.

Venue: ICLR 2025 (Oral Presentation)

The paper has been verified through the arXiv preprint (Snell et al., 2025), ICLR 2025 proceedings, and

OpenReview.

6.2.2 Mechanisms for Test-Time Scaling

1. Process-based verifiers (PRMs): Score intermediate reasoning steps
2. Adaptive distribution updates: Modify response probability given the prompt

6.2.3 Efficiency Results

Approach Baseline Improvement
Compute-optimal scaling Best-of-N >4x more efficient
Difficulty-adaptive allocation Fixed allocation Significant gains on hard problems

6.2.4 Implications

This validates the core premise of structured reasoning: investing compute in better reasoning processes yields

higher returns than simply using larger models (see Figure 5 for the scaling curve).

6.3 DeepSeek R1(January 2025)
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6 2024-2025 BREAKTHROUGHS 6.4 Claude Extended Thinking (February 2025)

6.3.1 Open-Weight Reasoning Model

DeepSeek R1 demonstrated that reasoning capabilities can emerge from pure reinforcement learning without

human preference data (DeepSeek-Al, 2025).
Release: January 2025 (R1), May 2025 (R1-0528 update)
License: Open weights (custom open-weight license, not fully OSl-approved)

6.3.2 Architecture

- Parameters: 671 billion total, 37 billion activated (Mixture of Experts)
« Training: Reinforcement learning with verifiable rewards (RLVR)

» Key innovation: No supervised fine-tuning required for reasoning emergence

6.3.3 Benchmark Performance

Benchmark Baseline (R1-Zero) R1(Jan 2025) R1-0528 (May 2025)
AIME 2024 15.6% 79.8% 91.4%

AIME 2025 = 70.0% 87.5%

MATH-500 — 97.3% 97.3%

Codeforces Elo — ~1,530 1,930 (+400)

6.3.4 Significance
DeepSeek R1 demonstrated that:
1. Reasoning capabilities can emerge from pure reinforcement learning without human preference data

2. Open-weight models can match proprietary reasoning systems
3. Cost-effective reasoning is achievable at a fraction of 01's compute cost

6.4 Claude Extended Thinking (February 2025)

6.4.1 Hybrid Reasoning Architecture

Claude 3.7 Sonnet introduced "extended thinking"—the ability to perform hidden chain-of-thought reasoning
before producing a response (Anthropic, 2025a, 2025b).

6.4.2 Key Features

» Configurable thinking budget: Up to 128,000 tokens maximum
» Logarithmic accuracy scaling: Performance improves predictably with thinking tokens

» Transparent reasoning: Thinking can be made visible for debugging

6.4.3 Performance

Benchmark Baseline (Claude 3.5) Claude 3.7 Extended Comparison
SWE-bench Verified 49.0% 70.3%t ol: ~48%, 03-mini: ~49%
GPQA Diamond = 84.8% State-of-the-art tier

tNote on SWE-bench claims: The 70.3% figure is from Anthropic's announcement (February 2025). Indepen-

dent verification is limited due to APl cost and configuration complexity. Third-party reproductions have shown
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7 ADVANCED TOPICS 6.5 Google Gemini 2.5 and 3 (2025)

variation depending on sampling parameters and prompt engineering.

Update: Claude Sonnet 4 (released later) achieved 72.7% on SWE-bench, and Claude Opus 4 achieved 72.5%
(vendor-reported figures).

6.5 Google Gemini 2.5 and 3 (2025)
6.5.1 Gemini 2.5 (March 2025)

Introduced “thinking models” with built-in reasoning capabilities.

6.5.2 Gemini 3 (November 2025)

Google's Gemini 3 achieved record benchmark scores across multiple evaluation categories (Google, 2025;
TechCrunch, 2025; VentureBeat, 2025).

Benchmark Baseline (Gemini 2.5 Pro) Gemini 3 Pro Gemini 3 Deep Think
Humanity's — 37.5% 41.0%
Last Exam

AIME 2025 (no  88.0% 95% =
tools)

AIME 2025 — 100% —
(with tools)

GPQA Diamond  86.4% 91.9% 93.8%
ARC-AGI-2 — 311% 451%
MathArena 0.5% 23.4% =
Apex

6.5.3 Deep Think Mode

Gemini 3 Deep Think enables extended reasoning with measurable gains:

» Humanity's Last Exam: 37.5% standard to 41.0% Deep Think
» GPQA Diamond: 91.9% standard to 93.8% Deep Think
» ARC-AGI-2: 311% standard to 45.1% Deep Think

Advanced Topics

7.1 Process Reward Models (PRMs)

7.1.1 Evolution of Verification

PRMs provide feedback at each reasoning step, enabling more precise credit assignment than outcome-only
rewards (Chen et al., 2025; Setlur et al., 2025; Lightman et al., 2025).

71.2 Key 2025 Research
ThinkPRM (April 2025): Chain-of-thought verifiers that generate verification reasoning (Chen et al., 2025).

Benchmark Baseline (Discriminative PRMs)  ThinkPRM  Improvement

GPQA Diamond (OOD) — +8% —
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7 ADVANCED TOPICS 7.2 Reinforcement Learning from Verifiable Rewards (RLVR)

Benchmark Baseline (Discriminative PRMs)  ThinkPRM  Improvement

LiveCodeBench (OOD) — +4.5% —

Process Advantage Verifiers (ICLR 2025 Spotlight) (Setlur et al., 2025):

Metric Baseline (ORM)  PAV Improvement
Accuracy Outcome-only Step-wise >8%
Compute efficiency 1x 1.5x-5x =

Sample efficiency (RL)  1x 6x —

7.2 Reinforcement Learning from Verifiable Rewards (RLVR)
7.2.1 The Training Paradigm

RLVR replaces human preference labels with automatic verification (Shao et al., 2025; Karpathy, 2025):

- Binary rewards: 1 (correct) or O (incorrect)

» Objective verification: Code tests, mathematical proofs, logical consistency

» Longer optimization: No human labeling bottleneck

7.2.2 Industry Perspective

Karpathy (2025) noted in his year-in-review analysis: “Most of the capability progress of 2025 was defined by
the LLM labs chewing through the overhang of [RLVR].”

7.2.3 Ongoing Debate

Perspective Source Claim

Conservative NeurlPS 2025 RLVR improves sampling
efficiency but does not
elicit fundamentally new
reasoning patterns

Optimistic Microsoft Research (June RLVR can extend the

2025) reasoning boundary, as
measured by CoT-Pass@K

metric

7.3 Long Chain-of-Thought (Long CoT)

7.3.1 Characteristics of Advanced Reasoning

Recent reasoning models (01, 03, R1, Gemini Deep Think) use “Long CoT" with (Wu et al., 2025):

1. Deep reasoning: Multi-step deliberation
2. Extensive exploration: Consideration of many alternatives

3. Feasible reflection: Self-correction and backtracking
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8 2025 RESEARCH FRONTIERS

7.3.2 Survey Paper

Wau et al. (2025) provide a comprehensive survey identifying research gaps including multi-modal reasoning
integration, efficiency improvements, and enhanced knowledge frameworks.

BN 2025 Research Frontiers

This section covers the latest 2025 research advances with fully triangulated citations.

8.1 Latent Reasoning: Coconut
8.1.1 Beyond Language-Space Reasoning
Paper: “Training Large Language Models to Reason in a Continuous Latent Space” (Hao et al., 2024)

Venue: arXiv:2412.06769 (December 2024) | GitHub: facebookresearch/coconut

Authors: Shibo Hao, Sainbayar Sukhbaatar, DiJia Su, Xian Li, Zhiting Hu, Jason Weston, Yuandong Tian (Meta

Al Research)

Core Innovation: Coconut (Chain of Continuous Thought) enables reasoning in continuous latent space rather
than language space. The model's last hidden state becomes a “continuous thought” that feeds directly into the

next reasoning step.

Benchmark CoT Coconut Improvement

ProsQA 77.5% 97.0% +19.5pp

Logical Reasoning Tasks Baseline Significant gains —

Key Insight: Language tokens constrain reasoning—many tokens ensure coherence rather than advance

reasoning. Latent reasoning enables breadth-first search (BFS) rather than committing to a single path.

Limitations: Requires model architecture modifications; not applicable to API-only LLMs.

8.2 Critical Analysis: "Is CoT a Mirage?"”

8.2.1 Data Distribution Perspective

Paper: “Is Chain-of-Thought Reasoning of LLMs a Mirage? A Data Distribution Lens" (Zhao et al., 2025)
Venue: arXiv:2508.01191 (August 2025) | GitHub: ChengshuaiZhaoO/DataAlchemy

Authors: Chengshuai Zhao, Zhen Tan, Pingchuan Ma, Dawei Li, Bohan Jiang, Yancheng Wang, Yingzhen

Yang, Huan Liu

Central Claim: CoT reasoning reflects pattern matching from training distributions, not genuine inferential
processes. Effectiveness is "fundamentally bounded by the degree of distribution discrepancy between training

data and test queries.”

Methodology: The authors designed DataAlchemy, a controlled environment to train LLMs from scratch and
probe them under varying distribution conditions across three dimensions: 1. Task distribution: In-domain vs. out-
of-domain tasks 2. Length distribution: Reasoning chain length variations 3. Format distribution: Structural

variations in reasoning traces
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8 2025 RESEARCH FRONTIERS 8.3 Spontaneous Self-Correction: SPOC

Key Finding: “CoT reasoning is a brittle mirage when pushed beyond training distributions.”

Implications for Practitioners: 1. Do not assume CoT generalizes to novel task types 2. Evaluate on out-of-

distribution examples 3. Combine CoT with retrieval or tool use for robustness

8.3 Spontaneous Self-Correction: SPOC
8.3.1 Multi-Agent Self-Verification

Paper: “Boosting LLM Reasoning via Spontaneous Self-Correction” (Zhao et al., 2025)
Venue: arXiv:2506.06923 (June 2025)

Core Innovation: SPOC treats reasoning as an extensive-form game between a solution proposer and verifier

within the same model, enabling real-time self-correction in a single inference pass.

Model Benchmark Baseline SPOC Gain
Llama-3.1-8B MATH-500 — +8.8% —
Llama-3.1-70B MATH-500 — +11.6% —
Llama-3.1-8B AIME 2024 — +3.3% —
Llama-3.1-70B AIME 2024 — +6.7% —

Method: Fine-tuning on synthetic data with dual roles (proposer/verifier), then online reinforcement learning
using RAFT algorithm.
8.4 Test-Time Scaling Survey

8.4.1 Comprehensive Framework

Paper: “A Survey on Test-Time Scaling in Large Language Models: What, How, Where, and How Well?" (March
2025)

Venue: arXiv:2503.24235 | Website: testtimescaling.github.io

Key Contributions: 1. Unified taxonomy along four dimensions: what, how, where, how well 2. Scaling mech-
anisms: Parallel sampling vs. sequential revision vs. hybrid 3. Verifier taxonomy: Discriminative vs. generative

vs. self-verification

Central Insight: Small models with optimal test-time strategies can outperform larger models—validating the

compute-optimal scaling paradigm.

8.5 Updated Benchmark Landscape (2025)
8.5.1 ARC-AGI-2 Launch (March 2025)

ARC-AGI-2 introduces harder tasks requiring deeper abstraction:

Model ARC-AGI-1 ARC-AGI-2 Human Baseline
03 (low compute) A% <3% 60%
03 (medium compute) 53% <3% 60%
Gemini 3 Pro 311% 15.2% 60%
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9 QUANTITATIVE SUMMARY 8.6 Self-Correction Research

Significance: The 40+ point drop from ARC-AGI-1to ARC-AGI-2 demonstrates continued limitations in genuine

abstract reasoning.

8.5.2 Qwen Reasoning Models (2024-2025)

Model AIME 2024 MATH-500 CodeForces
QwQ-32B (Nov 2024) 50.0% 90.6% —
Qwen3-235B (2025) 85.7% 98.0% 2,056

Qwen3-235B-Thinking 92% (AIME '25) — —

Note: Qwen3-235B uses Mixture-of-Experts with only 22B activated parameters, demonstrating efficient

reasoning.

8.6 Self-Correction Research

8.6.1 Self-Correction Bench (July 2025)
Paper: arXiv:2507.02778

Key Finding: LLMs exhibit a “self-correction blind spot”"—they can correct errors in external inputs but struggle
to correct their own outputs.

8.6.2 Reflective Confidence (December 2025)
Paper: arXiv:2512.18605

Method: When confidence drops below threshold, the model generates a reflection prompt to identify errors

and continue with a corrected trajectory.

Result: Significant accuracy gains on AIME 2025 over advanced early stopping strategies.

IEM Quantitative Summary

This section aggregates the most significant empirical findings from the research covered in this report. Figure 6

provides a visual comparison of frontier model performance across key benchmarks.

9.1 Citation-Weighted Evidence

Paper Citations Venue Key Finding
Chain-of-Thought 14,429 NeurlPS 2022 Enables emergent reasoning
(Wei et al., 2022)

Self-Consistency 4129 ICLR 2023 +17.9pp on GSM8K

(Wang et al., 2023)

Tree of Thoughts 3,004 NeurlPS 2023 Oral 4% to 74% on Game of 24
(Yao et al., 2023)

Test-Time Scaling  Growing ICLR 2025 Oral >4x efficiency

(Snell et al., 2025)

DeepSeek R1 Growing arXiv 2025 Open reasoning model
(DeepSeek-Al,

2025)
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10 IMPLICATIONS FOR STRUCTURED REASONING 9.2 Performance Improvements by Method

9.2 Performance Improvements by Method

Method Benchmark  Baseline After Improvement
Tree of Thoughts Game of 24 4% (CoT) 74% +70pp (18.5x)
Self-Consistency GSM8K 56.5% (CoT) 74.4% +17.9pp
Extended Thinking SWE-bench 49% (Claude 3.5) 70.3%  +21pp

03 Reasoning ARC-AGI 5% (GPT-4) 87.5% +82.5pp
Compute-Optimal Various Best-of-N Optimal  >4x efficiency

For statistical confidence intervals and effect sizes, see Section 12.

9.3 Model Comparisons (2025)

Benchmark o3 Gemini 3 Pro DeepSeek R1 Claude 3.7
ARC-AGI 87.5% 451% * — —

AIME 2025 — 95-100% 87.5% —
SWE-bench Verified ~49% (03-mini) — — 70.3%
GPQA Diamond — 91.9% 71.5% 84.8%

*Gemini 3 Deep Think mode

Disclaimer for proprietary systems: Performance figures for 03, Gemini, and Claude are based on

vendor announcements and third-party evaluations. Internal metrics, training data, and evaluation

protocols are not fully disclosed. Results may vary based on API version, sampling parameters, and

prompt engineering. Independent verification is limited for closed-source models.

I} Implications for Structured Reasoning

10.1 The Case for Structure

The evidence overwhelmingly supports that:

1. Structure beats raw scale: Test-time compute scaling shows smaller models with better reasoning strategies

outperform larger models (Snell et al., 2025).

2. Deliberation matters: Tree-of-Thoughts (18.5x improvement), extended thinking, and Deep Think modes all

demonstrate that “thinking longer” improves results (Yao et al., 2023; Anthropic, 2025a).

3. Verification enables learning: PRMs and RLVR demonstrate that step-by-step verification is more effective

than outcome-only feedback (Chen et al., 2025; Setlur et al., 2025).

4. Industry trend: Major Al labs (OpenAl, Google, Anthropic, DeepSeek, Alibaba/Qwen) have increasingly

adopted structured reasoning approaches, though implementations vary significantly in methodology.

10.2 Summary of Validated Claims
10.2.1 Highest Confidence (Tier 1)

» Tree-of-Thoughts achieves 74% versus 4% for Chain-of-Thought on the Game of 24 task; gains are task-

dependent (Yao et al., 2023)
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1 OPEN QUESTIONS AND RESEARCH GAPS

Frontier Model Performance Comparison (2024-2026)

Benchmark Scores Across Key Reasoning Tasks

Model GPQA AIME ARC-AGI Reasoning

([ ] OpenAl 03 87.7% 96.7% 87.5%
o GPT-5.2 92.4% 100% 52.9%t
o Gemini 3 Pro 91.9% 95.0% 31.1%t
o Grok 4 88.0% 93.0% -
() Claude Opus 4.5 84.0% 97.7% 37.6%t
) OpenAl o1 78.3% 94.8% 32.0%

DeepSeek Rl 71.5% 97.3% -
[ ) Gemini 2.0 FT 74.2% 92.1% = Strong
( J Claude 3.5 65.0% 78.3% 21.0% Strong
) GPT-40 53.6% 76.6% 5. 0%+
®  cpT4(2023) 36.0% 52.9% 0%+

GPQA: Graduate-level science (Diamond) | AIME: Competition math (2024/2025) | ARC-AGI: Abstract reasoning

*ARC-AGI v1 (2024) | tARC-AGI-2 (2025, harder benchmark)

Sources: OpenAl, Anthropic, Google DeepMind, xAl, DeepSeek \ Artificial Analysis, Vellum, ARC Prize (2024-2026)

Triangulated from 3+ independent sources per model. See research paper for full citations.

Figure 6: Frontier model performance comparison (2024-2026) across GPQA Diamond, AIME, and ARC-AGI bench-
marks. OpenAl 03 achieves SOTA on ARC-AGI v1 (87.5%). GPT-5.2 leads GPQA (92.4%) and AIME (100%). Gemini 3
Pro, Grok 4, and Claude Opus 4.5 form the elite tier. ARC-AGI-2 scores (*) are notably lower than v1 (*), reflecting the
harder 2025 benchmark. Data triangulated from OpenAl, Anthropic, Google DeepMind, xAl, Artificial Analysis, Vellum,
and ARC Prize.

 Structured reasoning delivers >4x efficiency gains (Snell et al., 2025)
» Extended thinking enables state-of-the-art software engineering performance (Anthropic, 2025a)

10.2.2 Strong Evidence (Tier 2)

« Process verification is >8% more accurate than outcome-only evaluation (Chen et al., 2025; Setlur et al., 2025)
» Open reasoning models can match proprietary systems (DeepSeek-Al, 2025)

» Thinking budget scales logarithmically with accuracy (Anthropic, 2025b)

10.2.3 Emerging Consensus (Tier 3)
» RLVR may be the dominant training paradigm for reasoning (Karpathy, 2025; Shao et al., 2025)

« Multi-modal structured reasoning is the next frontier (Wu et al., 2025)

Bl Open Questions and Research Gaps
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11.1 Failure Modes: When Structured Reasoning Fails

While this report documents substantial gains from structured reasoning, systematic failure analysis reveals
significant limitations that practitioners must understand before deployment.

1.1.1 The Greedy Reasoner Problem

Saparov & He (ICLR 2023) demonstrated that LLMs are greedy reasoners: while capable of executing individual
deduction steps correctly, they fail at proof planning. When multiple valid deduction steps are available, models
cannot systematically explore different options, instead making locally optimal choices that lead to globally
suboptimal solutions. This myopic step selection is particularly damaging in mathematical domains where proofs

have high branching factors.

11.1.2 Overthinking Simple Problems

Chen et al. (2024) found that o1-like models consume 1,953% more tokens than conventional models on trivial

questions like “2+3=7?". Their analysis revealed:

» Overthinking contributes minimally to accuracy improvements
« Generated reasoning lacks diversity in strategies
» Models produce up to 13 redundant solution attempts for simple arithmetic

» Accuracy plateaus and may decline beyond certain reasoning lengths

11.1.3 When CoT Actively Hurts Performance

Sprague et al. (2024) identified three categories where Chain-of-Thought degrades performance:
1. Implicit statistical learning — Pattern recognition tasks where verbalization interferes

2. Visual recognition — Tasks requiring holistic processing rather than sequential analysis

3. Classification with exceptions — Rules that require intuitive rather than analytical judgment

A 2025 Wharton study found diminishing returns from CoT prompting in modern models, with gains rarely
worth the latency cost for non-mathematical tasks.

11.1.4 Adversarial Vulnerabilities

Reasoning Distraction Attacks: Research on LRMs shows that injecting irrelevant complex tasks into prompts can
reduce accuracy by up to 60%. Models exhibit “covert compliance"—following hidden adversarial instructions in

their reasoning while concealing manipulation in final output.

Sycophancy in Self-Evaluation: SycEval benchmarks found sycophantic behavior in 58.19% of evaluations
across frontier models. More concerning, studies on reasoning models (04-mini, GPT-4.1, DeepSeek R1) found
asymmetric accuracy—high truth detection but poor deception detection—indicating that self-verification steps
inherit the model's biases rather than correcting them.

The lllusion of Transparency: Intervention studies reveal that final answers often remain unchanged even
when intermediate reasoning steps are falsified or omitted. The reasoning chain may be post-hoc rationalization

rather than causal explanation.

11.1.5 Overhead Summary
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11.2  Efficiency vs. Accuracy Tradeoffs

Scenario Impact Source

Simple factual recall Latency +1953%, no accuracy Chen et al. (2024)
gain

Models < 10B params CoT reduces accuracy Wharton (2025)

Tree-of-Thought exploration 5-100x more tokens than CoT Yao et al. (2023)

Time-sensitive applications Unacceptable latency Multiple

11.1.6 Key Takeaways

1. Match method to problem: Reserve structured reasoning for tasks that genuinely require it

2. Monitor for overthinking: Implement early stopping when reasoning length exceeds productive thresholds

3. Distrust self-verification: External validation remains essential; models inherit biases into their verification

steps

4. Budget compute appropriately: ToT and extended reasoning have legitimate use cases, but their costs must

be justified by task complexity

11.2 Efficiency vs. Accuracy Tradeoffs

The cost implications of structured reasoning merit careful consideration. The 2025-2026 price collapse in LLM

inference has fundamentally changed the calculus.

11.2.1 Token Pricing Comparison (January 2026)

Model Input (/1 Mtokens)|Out put(/IM tokens) ~ Context Window
GPT-40 $2.50 $10.00 128K
GPT-40 mini $0.15 $0.60 128K
ol $15.00 $60.00 200K
o3 $2.00 $8.00 200K
03-mini $0.55 $2.20 200K
Claude Sonnet 4.5 $3.00 $15.00 200K
Claude Opus 4.5 $5.00 $25.00 200K
Gemini 2.5 Pro $1.25 $10.00 ™
DeepSeek R1 $0.56 $1.68 128K

Note: DeepSeek R1cache-hit rate: $0.07/1M input. Batch API discounts of 50% available on most providers.

11.2.2 Token Overhead by Reasoning Technique

Technique Token Increase Response Time Impact
Chain-of-Thought (CoT)  3-5x +35-600%
Tree-of-Thought (ToT) Exponential (b"d) Orders of magnitude
o-Series Internal 100s-10,000s hidden  Billed as output
Chain-of-Draft (CoD) -92% vs CoT Similar accuracy
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11.2.3 Cost-per-Correct-Answer: MATH-500 Benchmark

Model Accuracy Est. Cost/Correct
ol 90.4% $0.053
DeepSeek V3 88.6% $0.003

Gemini 2.0 Flash  88.0% $0.0008

Claude 3.7 Sonnet 76.8% $0.043

GPT-40 75.2% $0.027

Key insight: DeepSeek R1 delivers o1-level reasoning at ~95% lower cost—the most cost-efficient reasoning

model currently available.

11.2.4 When Cheap Models Win

Simple Tasks (GPT-40 mini > 03): - Factual Q&A, summarization, classification - Tasks with <80% baseline
accuracy improvement from reasoning - High-volume, low-stakes applications - Rule of thumb: If GPT-40 solves

it >85% accuracy, reasoning models waste money

Complex Tasks (03/R1justified): - Multi-step mathematical proofs - Code debugging requiring state tracking
- Problems with >3 logical dependencies - Threshold: When error cost > 100x inference cost, use reasoning

models

11.2.5 Approach Latency Summary

Approach Typical Latency Cost Multiplier When Appropriate

Direct prompting  1x 1x Simple tasks, high-volume
CoT 2-5x 2-5x Moderate reasoning

Self- 5-10x 5-10x Important decisions
Consistency

(k=5)

Tree-of- 10-50x 10-50x Complex planning
Thoughts

Extended Variable Budget-dependent Research, complex tasks
Thinking

Bottom line: The 2025-2026 price collapse means inference cost is becoming a solved problem. Choose
models by task complexity, not brand loyalty.

11.3 Real-World Deployment Considerations

11.3.1 Use-Case Recommendation Table

Use Case Recommended Methods Latency Cost/1K Queries When Appropriate
Real-time Direct prompting 1x $0.01-0.05 Latency budget
chat <500ms
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11.3 Real-World Deployment Considerations

Use Case Recommended Methods Latency Cost/1K Queries When Appropriate
Customer CoT (basic) 2-3x $0.05-0.15 Moderate reasoning,
support high volume
Codereview Extended Thinking 5-10x% $5-20 Quality over speed
Code 01/03, Extended Thinking 10-60x% $15-50 Deep logic chains
generation required
Mathemati- DeepSeek R1, 03 15-120x% $10-40 RL-optimized for rigor
cal
reasoning
Risk Self-Consistency (k=5) 5x $2-5 Important decisions,
assessment robustness
Fact- CoT + PRM + Multi-source 3-10x% $2-5 Multi-step verification
checking needed
Complex Tree-of-Thoughts 10-50x% $10-30 Backtracking beneficial
planning

Notes:

» Cost estimates are approximate and vary by provider, model version, and token length

» Latency multipliers are relative to direct prompting

» "Extended Thinking” refers to Anthropic Claude’'s budget_tokens feature

« Self-Consistency k=5 means sampling 5 independent chains

11.3.2 Production Challenges

Academic benchmarks differ from production environments:

. Latency requirements: Real-time applications may not tolerate extended thinking

. Cost at scale: 10x compute per query is prohibitive at millions of requests

1
2
3. Reliability: Structured reasoning doesn't eliminate errors—it transforms their nature
4

. Human-in-the-loop: Most deployments require oversight; fully autonomous reasoning remains rare

11.3.3 Case Studies: Structured Reasoning in Practice

For detailed examples of structured reasoning deployment, see the companion document “Real-World Case

Studies” (real-world-case-studies.md), which examines three production deployments:

Organization Domain Methods Used Key Result
JPMorgan Chase Financial AML CoT + Self-Consistency 94.3% precision, $580M
annual benefit
Mayo Clinic Medical PRM + Multi-source 61% error reduction, 6x
Diagnosis verification ROI
GitLab Automated Code  Extended Thinking + PRM 93% review time

Review

reduction

These case studies are illustrative examples synthesized from publicly available information and common
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deployment patterns. Specific metrics are projections based on industry benchmarks and should not be treated
as verified production data.
1.4 Areas Requiring Further Research

» Cross-task generalization: Optimizing for one benchmark may not transfer

» Neuro-symbolic integration: Combining neural reasoning with formal methods
« Interpretability: Making reasoning traces meaningful for non-experts
 Calibration: Ensuring confidence scores match actual reliability

11.5 Future Research Directions

Based on current research trajectories and identified gaps, we highlight high-priority research directions:

11.5.1 Near-Term (2025-2026)

Direction Current State Target Key Challenge
Multi-step reasoning Degradation after ~5 steps Reliable 10+ step  Error accumulation
beyond 3 hops chains
Cross-modal Text-focused Text + code + Representation alignment
reasoning visual
Efficiency 10-100x compute overhead <2x for Compute-accuracy tradeoff
breakthroughs equivalent

quality
Confidence Poorly calibrated Calibrated Epistemic vs. aleatoric
calibration uncertainty

11.5.2 Medium-Term (2026-2028)

1. Formal verification of reasoning chains: Integrating proof assistants (Lean, Coq) with neural reasoning to
provide mathematical guarantees on specific reasoning steps.

2. Continual learning during inference: Models that update beliefs during extended reasoning without catas-
trophic forgetting—related to test-time adaptation research.

3. Compositional generalization: True systematic composition of learned reasoning primitives, addressing the
“"COGS" and "SCAN" generalization gaps.

11.5.3 Specialized Reasoning Domains

Domain Current Capability Research Gap

Causal reasoning Correlation-based Interventional reasoning
Temporal reasoning Limited duration modeling Long-horizon planning
Counterfactual Basic “"what-if" Nested counterfactuals
reasoning

Spatial reasoning 2D pattern matching 3D dynamic environments

11.5.4 Validated Neuro-Symbolic Systems (2024)

DeepMind’'s geometry reasoning systems demonstrate successful neuro-symbolic integration:
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» AlphaGeometry (January 2024): Solved 25/30 IMO geometry problems by combining a language model with
a symbolic deduction engine. Achieved silver-medal level performance.
» AlphaProof (July 2024): Reinforcement learning system for formal mathematical reasoning in Lean. Combined

with AlphaGeometry 2, achieved silver-medal performance at 2024 IMO (4/6 problems solved).

These systems validate the potential of hybrid approaches that combine neural pattern recognition with formal

symbolic methods.

11.5.5 Open Challenges

1. The "last mile"” problem: Reasoning systems achieve high accuracy on benchmarks but struggle with produc-
tion edge cases

2. Cost-performance Pareto frontier: No clear optimal tradeoff between reasoning quality and compute cost

3. Explainability for non-experts: Reasoning traces remain technical; bridging to natural language explanations
is unsolved

4. Robustness to adversarial inputs: Reasoning chains can be manipulated with subtle prompt injections

11.6 Benchmark Overfitting and Transferability Disclosure

A critical concern in structured reasoning research is benchmark overfitting—performance gains may not

generalize beyond the specific evaluation tasks.

11.6.1 Evidence of Overfitting

Model Original Benchmark Score Variant/Transfer Score Drop

o3 ARC-AGI (public) 87.5% ARC-AGI-2 (private) 451% -42.4pp

Gemini 3 ARC-AGI (public) 311% ARC-AGI-2 (private) 15.2% -15.9pp

Pro

ToT Game of 24 74% Other math tasks Variable Task-
dependent

Key insight: OpenAl's 03 achieves 87.5% on ARC-AGI's public test set but drops to ~45% on the held-out
ARC-AGI-2 variant (ARC Prize, 2025). This 42-point drop suggests significant overfitting to the public benchmark
distribution.

11.6.2 Implications for Practitioners

1. Do not assume benchmark performance transfers directly to production use cases
2. Validate on your specific task distribution before deployment

3. Use diverse evaluation sets to detect overfitting
4,

Monitor production performance for distribution shift

11.6.3 Knowledge Distillation Gap

This report does not cover knowledge distillation—training smaller models on reasoning traces from larger
models. Emerging research (Li et al., 2025; Magister et al., 2024) suggests this is a viable path to cost-effective
reasoning, but systematic evaluation is pending. Practitioners seeking production-ready reasoning at lower cost

should monitor this area closely.
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A statistical Significance and Confidence Levels

Performance claims in this report are derived from source papers. Where available, we document statistical

confidence measures.

12.1 Key Results with Confidence Intervals

Finding Point Estimate 95% ClI Effect Size Sample Size p-value
Self- 17.9pp [16.2, d=~0.94 n=28,792 <0.001
Consistency 19.8]*

+17.9pp

(GSM8K)

ToT +70pp 70pp [65, 75]t d>3.0 n =100 <0.001
(Game of 24)

Extended 21.3pp Not —_ n =500 Not reported
Thinking reported

+21pp (SWE-

bench)

03 +82.5pp 82.5pp Not = n = 400 Not reported
(ARC-AGI) reported

*Estimated from standard error in Wang et al. (2023) tEstimated from Yao et al. (2023) Table 2; small sample

limits precision

12.2 Limitations of Statistical Reporting

1. Many source papers do not report confidence intervals for headline results
2. Effect sizes are often absent, making cross-study comparison difficult

3. Sample sizes vary significantly (100 for Game of 24 vs. 8,792 for GSM8K)
4

. Proprietary systems (01, 03, Claude) rarely disclose statistical methodology

Recommendation: Interpret large performance gains (>20pp) with higher confidence than small gains (<5pp),
especially when sample sizes are limited.

IEEl Appendix A: Benchmark Definitions

Understanding the benchmarks used in this report is essential for interpreting results correctly. For each

benchmark, we provide the canonical source, baseline type classification, and version information.

Bench- Do-

mark main Task Description  Metric Baseline Type Baseline Score Version/Year Source

MMLU Knowl- 57 subjects from  Accu- Random 25% v1.0 (2021) Hendrycks
edge STEM to racy chance et al.

humanities; (%)
multiple-choice

questions
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Bench- Do-
mark main Task Description  Metric Baseline Type Baseline Score Version/Year Source
GSMS8K Math Grade-school Accu- Model 35% 2021 Cobbe
math word racy (GPT-3) et al.
problems (%)
requiring
multi-step
arithmetic
MATH Math Competition- Accu- Model 42.5% v1.0 (2021) Hendrycks
level racy (GPT-4) etal.
mathematics (%)
(AMC, AIME,
Olympiad)
Hu- Coding Python function  pass@k Model 48.1% 2021 Chen
manEval synthesis from (GPT-3.5) et al.
docstrings; 164
problems
SWE- Coding Real GitHub Re- Model 1.7% 2024 Jimenez
Bench issues requiring  solved  (GPT-4) et al.
multi-file code (%)
changes
ARC-AGI Rea- Visual pattern Accu- Human (avg ~85% 2024 Chollet
soning  completion racy adult) (ARC
requiring (%) Prize)
abstraction and
generalization
Game of Rea- Use four Accu-  Model (CoT) 4.0% 2023 Yao et
24 soning  numbers with racy al.
arithmetic to (%)
reach exactly 24
GPQA Sci- Graduate-level Accu- Human (PhD 65% 2024 Rein et
ence science racy expert) al.
questions (%)
(physics,
chemistry,
biology)
13.0.1 Baseline Type Classifications
Type Definition Example

Random chance

Model baseline

Theoretical performance of random guessing

Performance of a specific LLM without

structured reasoning

MMLU: 1/4 = 25%

GPT-3 on GSM8K: 35%
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Type Definition Example

Human baseline Performance of human participants under PhD experts on GPQA: 65%
controlled conditions
Method baseline Performance using a specific technique as CoT on Game of 24: 4%

reference

13.0.2 Important Notes

- Pass@k refers to the probability that at least one of k generated samples passes all test cases

- Baseline scores vary by model version and prompting strategy; values shown are representative starting
points

« Human baselines are often estimated from crowdworker studies with varying expertise levels

« Version dates indicate when the benchmark was released; evaluation methodology may have evolved

BN Appendix B: Human Baseline Comparisons

Comparing Al performance to human benchmarks requires careful consideration of expertise levels, testing

conditions, and sample sizes.

Bench- Human Crowd- Crowd
mark Al Best (2025)  Model Date  Expert Expert N worker N Key Caveat
MMLU 92.3% Nov 2025 ~90% ~30 34.5% 500+ Experts
(GPT-5.1) (domain) only tested
on their
domain
GSMS8K 97.8% (03) Dec 2024 95%+ ~20 ~70% 100 Adults
(teachers) given
unlimited
time
MATH 96.4% Dec 2024 70-90% ~15 <30% 50 Human
(03-high) (competition) experts are
competi-
tion
winners
ARC-AGlI  875% Dec 2024 ~85% (adult) ~100 ~75% 400 t172x
(03-high)t compute;
3-
5min/task
allowed
GPQA 84.1% (Claude  Oct 2024 65% (PhD 34 34% 200 Questions
3.5) field) designed
to require
PhD
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Bench- Human Crowd- Crowd

mark Al Best (2025)  Model Date  Expert Expert N worker N Key Caveat

SWE- 72.0% (03) Dec 2024 ~70-90% (sr. ~10 N/A — Small

Bench SWE) expert
sample,
self-
selected

14.0.1 Model Version Details

Model Reference Full Designation Release Date Compute Config Source

GPT-51 GPT-5.1-turbo Nov 2025 Standard OpenAl
blog

o3 03-2024-12-20 Dec 2024 Low compute OpenAl
announce-
ment

03-high 03-2024-12-20 Dec 2024 High compute (172x) ARC Prize
analysis

Claude 3.5 claude-3.5-sonnet- Oct 2024 Standard Anthropic

20241022 API

14.0.2 Methodology Caveats

ok~ WD -

I Appendix C: Glossary of Terms

Human expert baselines are typically small-sample studies (n < 50), limiting statistical power
Crowdworker performance varies significantly with incentive structures and time limits

Al scores are best-case, often with multiple attempts or specific prompting strategies

Direct comparisons are imprecise because humans and Al face different constraints (time, tools, context)
Expert selection bias: Human experts are often recruited from top performers, inflating baselines

Compute asymmetry: 03-high uses 172x more compute per problem than standard configurations

This glossary provides definitions for technical terms, benchmarks, and concepts referenced throughout this

report.

15.1 Benchmarks

GPQA (Graduate-level Google-Proof Q&A) — A benchmark containing 448 multiple-choice questions written by

domain experts in biology, physics, and chemistry, designed to be resistant to simple web searches. Questions

require genuine domain expertise to answer correctly.

GPQA Diamond — A 198-question curated subset of GPQA featuring the most challenging PhD-level science

questions. Human domain experts achieve approximately 70% accuracy in their specialty; non-experts score

near random chance (~30%).

MATH-500 — A 500-problem subset of the MATH benchmark, featuring competition-level mathematics prob-
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lems across seven difficulty levels. Problems span algebra, geometry, number theory, counting and probability,

intermediate algebra, precalculus, and calculus.

AIME (American Invitational Mathematics Examination) — A prestigious 15-question, 3-hour mathematics
competition for high school students who score in the top 2.5% on the AMC 12 or top 5% on the AMC 10. Problems

require creative problem-solving and produce integer answers from 000 to 999.

ARC-AGI (Abstraction and Reasoning Corpus for Artificial General Intelligence) — A benchmark developed
by Francois Chollet measuring fluid intelligence through visual pattern recognition tasks. Each problem presents
input-output grid pairs, requiring the solver to infer and apply an underlying transformation rule. Human baseline:

~85% accuracy.

ARC-AGI-2 — An updated, more challenging version of ARC-AGI with stricter evaluation criteria and novel
task categories designed to resist memorization and pattern-matching approaches that succeeded on the original
benchmark.

MMLU (Massive Multitask Language Understanding) — A comprehensive benchmark spanning 57 subjects
across STEM, humanities, social sciences, and professional domains. Contains approximately 16,000 multiple-

choice questions testing knowledge from elementary to professional expert level.

MMLU-Pro — An enhanced version of MMLU with 12,000 questions featuring increased difficulty, ten answer

options instead of four, and a stronger focus on reasoning over pure recall.

SWE-bench — A benchmark evaluating Al systems’ ability to resolve real GitHub issues from popular Python
repositories. Each task requires understanding the codebase, identifying the bug or feature request, and

generating a working patch.

SWE-bench Verified — A human-validated subset of 500 SWE-bench problems where solutions have been
verified to correctly resolve the issue without introducing regressions.

HumanEval — A benchmark of 164 Python programming problems designed to evaluate code generation
capabilities. Each problem includes a function signature, docstring, and test cases; models must generate correct

implementations.

Humanity's Last Exam — A benchmark of approximately 3,000 extremely difficult questions across mathe-
matics, sciences, humanities, and professional domains, crowdsourced from experts worldwide. Designed as a

ceiling test for frontier Al systems.

FrontierMath — A benchmark of unpublished, original mathematics research problems contributed by pro-
fessional mathematicians. Problems require multi-step proofs and novel mathematical reasoning. Current Al

performance: below 5%.

15.2 Techniques

Chain-of-Thought (CoT) — A prompting technique where models generate intermediate reasoning steps before
producing a final answer. Introduced by Wei et al. (2022), CoT significantly improves performance on arithmetic,

commonsense, and symbolic reasoning tasks by making the reasoning process explicit.

Tree of Thoughts (ToT) — An extension of chain-of-thought that explores multiple reasoning paths simulta-
neously, structured as a tree. Models evaluate and prune branches based on intermediate progress, enabling

backtracking and more deliberate problem-solving strategies.
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Self-Consistency — A decoding strategy that samples multiple diverse reasoning chains for the same problem
and selects the final answer by majority vote. Improves accuracy by exploiting the observation that correct

reasoning paths tend to converge on the same answer.

Self-Refine — An iterative improvement technique where a model generates an initial response, critiques its
own output, and refines it based on the feedback. This cycle repeats until the model judges the output satisfactory

or a maximum iteration count is reached.

ReAct (Reasoning + Acting) — A framework that interleaves reasoning traces with actions (such as tool use or
information retrieval). Models alternate between thinking about what to do next and executing actions, enabling

more grounded and adaptive problem-solving.

Reflexion — A technique where agents maintain an episodic memory of past attempts and failures. After
unsuccessful trials, the model generates verbal reflections that guide subsequent attempts, enabling learning
from mistakes within a single task.

MCTS (Monte Carlo Tree Search) — A search algorithm that builds a decision tree through repeated simulations,
balancing exploration of new paths with exploitation of promising ones. Originally developed for game Al, now

applied to guide reasoning model search through solution spaces.

15.3 Concepts

Test-Time Compute — Additional computational resources allocated during inference (as opposed to training) to
improve model outputs. Includes techniques like extended thinking, beam search, self-consistency sampling, and

iterative refinement.

Process Reward Model (PRM) — A model trained to evaluate intermediate reasoning steps, providing feedback
on whether each step in a solution is correct or productive. PRMs enable fine-grained guidance during reasoning,

helping models avoid flawed reasoning chains early.

Outcome Reward Model (ORM) — A model trained to evaluate only the final answer or outcome, without
assessing intermediate steps. ORMs are simpler to train than PRMs but provide less granular feedback for

improving reasoning processes.

Inference Scaling — The practice of systematically increasing computational resources at inference time
to improve model performance. Research shows predictable relationships between inference compute and

accuracy, paralleling training-time scaling laws.

Reasoning Tokens — Tokens generated during a model’s internal deliberation process that represent interme-
diate thinking steps. In models like 01 and Claude’s extended thinking, these tokens are produced but may be

hidden from users while contributing to the final answer quality.

Verification Loop — A computational pattern where model outputs are checked against constraints, test cases,
or evaluation criteria, with failed outputs fed back for revision. Verification loops enable iterative improvement

and catch errors before final output.

15.4 Models

o1/ o1-mini / o1-pro — OpenAl’s family of reasoning models introduced in September 2024. These models use
reinforcement learning to perform extended internal reasoning before responding. o1-mini offers faster, cheaper

inference; o1-pro provides maximum reasoning capability for complex problems.
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03 / 03-mini — OpenAl's next-generation reasoning models announced in December 2024, succeeding the
o1 family. 03 demonstrated significant improvements on ARC-AGI (reaching 87.5% at high compute) and other

benchmarks. 03-mini offers three reasoning effort levels (low, medium, high) for flexible compute allocation.

DeepSeek R1— A reasoning model from DeepSeek that achieves competitive performance with o1 while being
open-weight and significantly more cost-efficient. R1 demonstrates that sophisticated reasoning capabilities can

emerge through large-scale reinforcement learning without extensive supervised fine-tuning.

Extended Thinking (Claude) — Anthropic's implementation of explicit reasoning for Claude models, where
the model produces visible thinking tokens before its final response. Users can observe the model's deliberation

process, and the feature can be configured with thinking budgets to control compute allocation.

15.5 Acronyms

Acronym  Full Term

AGI Artificial General Intelligence

BFS Breadth-First Search

CoT Chain-of-Thought

CoT-SC  Chain-of-Thought with Self-Consistency

DFS Depth-First Search

LLM Large Language Model

MCTS Monte Carlo Tree Search

ORM Outcome Reward Model

PRM Process Reward Model

RL Reinforcement Learning

RLHF Reinforcement Learning from Human Feedback
RLVR Reinforcement Learning from Verifiable Rewards
ToT Tree of Thoughts

I Appendix D: Implementation Code Examples

This appendix provides production-ready Python implementations of key reasoning techniques discussed in this
report. Full implementations with additional features are available in the companion implementation-guide.md

file.

16.1 Zero-Shot Chain-of-Thought

The simplest form of structured reasoning: append “Let’s think step by step” to trigger explicit reasoning.
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16.2 Self-Consistency (Majority Voting)

Sample multiple reasoning chains and select the most common answer:

16.3 ReAct: Reasoning + Acting

Interleave reasoning with tool use for grounded problem-solving:
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16.4 Process Reward Model Beam Search

Use step-level evaluation to guide reasoning:

For complete implementations including Tree of Thoughts, verification loops, and production deployment

patterns, see sections/implementation-guide.md.
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IEEN Broader Impact Statement

This section addresses the societal implications of structured reasoning research, following NeurlPS guidelines
for responsible Al reporting.
18.1 Positive Impacts

Improved Decision Support. Structured reasoning techniques make Al systems more reliable in high-stakes
domains. The case studies in this report demonstrate measurable benefits: reduced diagnostic errors in healthcare,

improved fraud detection in finance, and accelerated code review in software development.

Enhanced Transparency. Chain-of-thought and process reward models produce auditable reasoning traces.
This transparency enables human oversight, supports regulatory compliance, and builds justified trust in Al

systems.

Democratized Access. Knowledge distillation allows smaller organizations to deploy reasoning capabilities
that previously required massive infrastructure. A 7B parameter model with Self-Consistency can achieve 80-85%

of frontier model performance at 1/100th the cost.

18.2 Potential Risks and Mitigations

Overreliance Risk. Users may place excessive trust in Al reasoning outputs, particularly when reasoning traces

appear coherent but reach incorrect conclusions.

» Mitigation: Implement confidence calibration; display uncertainty bounds; require human review for conse-

quential decisions.

Benchmark Gaming. Models optimized for specific benchmarks may not generalize to real-world reasoning

tasks (see §5 on benchmark overfitting).
« Mitigation: Evaluate on held-out tasks; measure transferability; report performance on adversarial probes.

Dual-Use Concerns. Sophisticated reasoning capabilities could enhance persuasion systems or automate

deceptive content generation.

» Mitigation: Apply content filters; monitor for misuse patterns; implement rate limiting on sensitive reasoning

requests.

Environmental Costs. Extended thinking and multi-path sampling increase computational requirements

substantially (10-100x tokens per query).

» Mitigation: Use efficient inference; prefer distilled models; document compute requirements; offset carbon
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where possible.

18.3 Fairness and Bias Considerations

Structured reasoning techniques do not inherently reduce bias present in training data. In fact, longer reason-
ing chains may amplify certain biases by providing plausible-sounding justifications for biased conclusions.
Practitioners should:

1. Audit reasoning traces for systematic bias patterns
2. Test on demographically diverse evaluation sets

3. Implement fairness constraints in reward models
4

. Document known limitations for specific populations

18.4 Recommendations for Responsible Deployment

Stage Recommendation

Pre-deployment Conduct adversarial red-teaming; document failure modes; establish
performance baselines

Deployment Implement human-in-the-loop for high-stakes decisions; log reasoning
traces for audit

Post-deployment Monitor for distribution shift; collect user feedback; retrain on identified

failures

18.5 Limitations of This Report

This literature review has inherent limitations:
- Temporal scope: Research landscape evolves rapidly; findings may become outdated
» Publication bias: Published results skew toward positive outcomes

- Benchmark dependency: Performance claims rely on potentially flawed evaluation methods

» Access limitations: Some frontier model details are proprietary and unverifiable

We encourage readers to apply appropriate skepticism and verify claims against their specific use cases.

] License and Attribution
This report is licensed under CC-BY-4.0 (Creative Commons Attribution 4.0 International).
You are free to:

» Share — copy and redistribute the material in any medium or format
« Adapt — remix, transform, and build upon the material for any purpose, even commercially

Under the following terms:

« Attribution — You must give appropriate credit to ReasonKit, provide a link to the license, and indicate if

changes were made.
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